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On the Amenability of Compact and Discrete
Hypergroup Algebras
Ahmadreza Azimifard ∗
Abstract
Let K be a commutative compact hypergroup and L1(K) the hypergroup
algebra. We show that L1(K) is amenable if and only if piK , the Plancherel
weight on the dual space K̂, is bounded. Furthermore, we show that if K
is an infinite discrete hypergroup and there exists α ∈ K̂ which vanishes at
infinity, then L1(K) is not amenable. In particular, L1(K) fails to be even
α-left amenable if piK({α}) = 0.
Introduction. Let K be a commutative compact hypergroup, K̂ its dual space,
and L1(K) the hypergroup algebra. More recently in [2], among other things, we
showed that when K is a hypergroup of conjugacy classes of a non-abelian com-
pact connected Lie group L1(K), in contrast to the group case, is not amenable. The
proof of this theorem, which is mainly based on the structure of underlying group,
follows from the fact that the Plancherel weight on K̂ tends to infinity and conse-
quently the approximate diagonal for L1(K) is not bounded. In this paper, we show
that the statement remains valid for general commutative compact hypergroups.
More precisely, we show that L1(K) is amenable if and only if the Plancherel
weight on K̂ is bounded. And, similar to the group case [14], we also show that
closed ideals of L1(K) possess approximate identities. In addition, we generalize
our recent results on polynomial hypergroups [1] to discrete hypergroups. If K is a
(infinite) discrete hypergroup and α ∈ K̂ which vanishes at infinity, then L1(K) is
not amenable. Indeed, we show that if piK({α}) = 0, then L1(K) is not even α-left
amenable, and L1(K) fails to be amenable when piK({α})> 0. Observer that in the
latter case L1(K) might be α-left amenable; see [1].
Preliminaries. Let (K, p,∼) denote a locally compact commutative hyper-
group with Jewett’s axioms [8], where p : K×K → M1(K), (x,y) 7→ p(x,y), and
∼: K →K, x 7→ x˜, specify the convolution and involution on K and p(x,y) = p(y,x)
for every x,y ∈ K. Here M1(K) stands for the set of all probability measures on K.
Let Cc(K) be the space of all continuous functions on K with the uniform
norm ‖ · ‖∞. The translation of f ∈ Cc(K) at the point x ∈ K, Tx f , is defined by
Tx f (y) =
∫
K f (t)d p(x,y)(t), for every y ∈ K. Let (L1(K),‖ · ‖1) denote the usual
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Banach ∗-algebra of integrable functions on K with respect to its Haar measure
m, where the convolution and involution of f ,g ∈ L1(K) are given by f ∗ g(x) =∫
K f (y)Ty˜g(x)dm(y) (m-a.e.) and f ∗(x) = f (x˜) respectively. If K is discrete, then
L1(K) has an identity element; otherwise L1(K) has a bounded approximate iden-
tity, i.e. there exists a bounded net {ei}i of functions in L1(K), ‖ei‖1 ≤ M, M > 0,
such that ‖ f ∗ ei − f‖1 → 0 as i → ∞. The dual of L1(K) can be identified with
the usual Banach space L∞(K), and its structure space is homeomorphic to the
character space of K, i.e.
X
b(K) :=
{
α ∈Cb(K) : α(e) = 1, p(x,y)(α) = α(x)α(y), ∀ x,y ∈ K
}
equipped with the compact-open topology. X b(K) is a locally compact Hausdorff
space. Let K̂ denote the set of all hermitian characters α in X b(K), i.e. α(x˜) =
α(x) for every x ∈ K, with a Plancherel measure piK . Observe that K̂ in general
may not have the dual hypergroup structure and a proper inclusion in supp(piK)⊆
K̂ ⊆ X b(K) is possible. If K is compact, then the dual space is unique and it is
dense in C(K) (see [4, 8]).
The Fourier-Stieltjes transform of µ ∈ M(K), µ̂ ∈Cb(K̂), is given by µ̂(α) :=∫
K α(x)dµ(x). Its restriction to L1(K) is called the Fourier transform. We have
f̂ ∈C0(K̂), for f ∈ L1(K), and the map α → I(α) := ker(ϕα) is a bijection of K̂
onto the space of all maximal ideals of L1(K), where ker(ϕα) denotes the kernel of
the homomorphism ϕα( f ) = f̂ (α) on L1(K); see [5].
Let X be a Banach L1(K)-bimodule and α ∈ K̂. In a canonical way the dual
space X∗ is a Banach L1(K)-bimodule. The module X is called a α-left L1(K)-
module if the left module multiplication is given by f · x = f̂ (α)x, for every f ∈
L1(K) and x ∈ X . In this case, X∗ turns out to be a α-right L1(K)-bimodule,
i.e. ϕ · f = f̂ (α)ϕ , for every f ∈ L1(K) and ϕ ∈ X∗. A continuous linear map
D : L1(K)→ X∗ is called a derivation if D( f ∗ g) = D( f ) · g+ f ·D(g), for every
f ,g ∈ L1(K), and an inner derivation if D( f ) = f ·ϕ−ϕ · f , for some ϕ ∈ X∗. The
algebra L1(K) is called α-left amenable if for every α-left L1(K)-module X , every
continuous derivation D : L1(K)→ X∗ is inner; and, if the latter holds for every
Banach L1(K)-bimodule X , then L1(K) is called amenable.
Let K′=K×K denote the hypergroup of cartesian product of K with itself. It is
straightforward to show that L1(K′) ∼= L1(K)⊗p L1(K) (⊗p denotes the projective
tensor product) and with the actions f · (g⊗ h) = ( f ∗ g)⊗ h and (g⊗ h) · f =
g⊗ (h ∗ f ) the Banach algebra L1(K′) becomes a L1(K)-bimodule. We observe
that the map φ : X b(K)×X b(K) → X b(K′) defined by (α ,β ) → α ⊗ β is a
homeomorphism (see [5]). As shown in [9], L1(K) is amenable if it admits a
bounded approximate diagonal, i.e. a bouned net {Mi}i ⊂ L1(K)⊗p L1(K) which
satisfies
pi(Mi) · f , f ·pi(Mi)→ f and f ·Mi−Mi · f → f
for any f ∈ L1(K), where pi : L1(K)⊗p L1(K)→ L1(K) is the convolution map.
The amenability of L1(K) is also equivalent to the existence of a virtual diagonal,
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i.e. an element M ∈ (L1(K)⊗p L1(K))∗∗ such that
f ·M = M · f f pi∗∗(M) = pi∗∗(M) f = f
for any f ∈ L1(K), where the module actions of L1(K) on (L1(K)⊗p L1(K))∗∗ and
L1(K)∗∗ are the second adjoints of the module actions of L1(K) on L1(K)⊗p L1(K)
and L1(K), respectively, and pi∗∗ is the second adjoint of pi . We also define pi1,pi2 :
L1(K)→ L1(K′) by pi1( f )(x,y) = f (x)δe(y) and pi2( f ) = f (y)δe(x), respectively,
when K is discrete. One can easily verify that the pii maps are isometric and
pii( f ∗g) = pii( f )∗pii(g) for every f ,g ∈ L1(K).
As already mentioned, in this paper we deal with the amenability problem
of compact and discrete hypergroup algebras. The results are organized as fol-
lows. We first show that a compact hypergroup algebra L1(K) is amenable if and
only if the Plancherel weight piK on K̂ is bounded (Theorem 1.1). Moreover, we
show that every closed ideal of L1(K) has an approximate identity (Theorem 1.7).
We then discuss amenability of non-compact discrete hypergroup algebras. Let
K be a discrete hypergroup and α ∈ K̂. If α vanishes at infinity, then L1(K) is
not amenable; in the case of piK({α}) = 0, particularly, the algebra L1(K) is not
even α-left amenable (Theorem 2.1). Using our theorems, we finally examine the
amenability of hypergroup algebras of various compact and discrete hypergroups.
I would like to thank Dr. Nico Spronk for his comment on the early draft of
this paper.
1 Amenability of Compact Hypergroup Algebras
As it is already shown in [2], if K is a hypergroup of conjugacy classes of a compact
connected Lie group, then L1(K) is amenable if and only if the dimension of irre-
ducible unitary representations of the group is bounded. In the following theorem
we show that the statement remains valid in general.
Theorem 1.1. Let K be a compact hypergroup. Then L1(K) is amenable if and
only if the Plancherel weights on K̂ is bounded, i.e., there exists a c > 0 such that
piK({α})< c for all α ∈ K̂.
Before proceeding to the proof of this theorem, let us first discuss the exis-
tence of and pertinent topics to the approximate diagonals for compact hypergroup
algebras.
We observe that since the convolution map (x,y) → p(x,y), K′ → M1(K), is
continuous (M1(K) is considered with the weak∗ topology), a hypergroup algebra
L1(K) is weak∗ dense in M(K), and the convolution map pi : L1(K′)→ L1(K) has
a weak∗ extension p˜i : M(K′)→ M(K) which is defined by∫
K
f (x)dpi(µ)(x) =
∫
K′
Tx f (y)dµ(x,y) f ∈C(K).
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Obviously we have p˜i(µ ⊗ ν) = µ ∗ν , µ ,ν ∈ M(K), and if for a f ∈C(K) we let
g(x,y) = Tx f (y), then g ∈C(K′) and
p˜i(µ ∗ν)( f ) =
∫
K′
Tx f (y)dµ ∗ν(x,y)
=
∫
K′
∫
K′
T(x1,x2)g(y1,y2)dµ(x1,x2)dν(y1,y2)
=
∫
K′
∫
K′
Ty1(Tx2Tx1 f )(y2)dν(y1,y2)dµ(x1,x2)
= p˜i(µ)∗ p˜i(ν)( f ). (1)
Hence p˜i is a homomorphism.
Lemma 1.2. Let {en} be a bounded approximate identity for L1(K), where en =
∑∞m=0 anmαm such that anm = 0 except for finitely many m. Then
(i) anm → 1‖αm‖22 , and
(ii) Mn = ∑∞m=0 (anm)2 αm⊗αm is an approximate diagonal for L1(K).
Proof. Let {U ′n} be a family of neighborhoods of the identity element e. Then the
sequence {en} = { 1m(U ′n)χU ′n} is a bounded approximate identity for L
1(K). Since
the linear span of K̂ is dense in L1(K), we may choose en = ∑∞m=0 anmαm, where
anm = 0 except for finitely many m. Therefore,
‖αi‖1 |1− ên(αi)|= ‖αi− ên(αi)‖1 = ‖αi− en ∗αi‖1 → 0 (n → ∞),
which implies that ‖αi‖1
∣∣1−ani ‖αi‖22∣∣→ 0, consequently ani → 1‖αi‖22 as n → ∞.
We now show that Mn = ∑∞m=0 (anm)2 αm ⊗αm is an approximate diagonal for
L1(K). Since
pi(Mn) =
n
∑
m=0
(anm)
2 αm ∗αm =
∞
∑
m=0
(anm)
2‖αm‖22αm = en ∗ en
which is also a bounded approximate identity for L1(K) and
αk ·Mn =
∞
∑
m=0
(anm)
2 αk ∗αm⊗αm =
∞
∑
m=0
δk(m)(anm)2 αm⊗αm
=
∞
∑
m=0
(anm)
2 αm⊗αm ∗αk = Mn ·αk,
{Mn} is an approximate diagonal for L1(K). Therefore, if {Mn}n is bounded, then
L1(K) is amenable [9].
We now use the idea in the proof of [2, Theorem 1.6] to establish the following
lemma in its analogy.
4
Lemma 1.3. Let K be a compact hypergroup and {Mn} as in Lemma 1.2. Then
the following statements are equivalent:
(i) L1(K) is amenable.
(ii) {Mn}n is bounded.
(iii) There exists a measure µ ∈ M(K′) such that µ̂(α ,β ) = δα(β ), p˜i(µ) = δe,
and ( f ⊗δe)∗µ = µ ∗ (δe⊗ f ) for any f ∈ L1(K).
Proof. (i)→ (ii). In this case L1(K) admits a bounded approximate diagonal, say
{M′k}. Let us assume that M is the virtual diagonal and M′k
w∗→ M in L1(K′)∗∗.
Suppose {en} to be as above and Fn := {αm;anm 6= 0}. Then Fn ⊗ Fn is a fi-
nite dimensional ideal in L1(K)⊗ L1(K) which contains en ⊗ en. Then {en ⊗
en ∗M′k} is a bounded net in An ⊗ An, An = 〈Fn〉, with a limit point Nn. Write
Nn = ∑αi,α j∈Fncni jαi ⊗α j. For every αm ∈ Fn, since Mk ·αm = αm ·Mk for every k,
we have αm ·Nn = Nn ·αm. Therefore
∑
αi,α j∈Fn
cni jδi(m)‖αi‖22αi⊗α j = ∑
αi,α j∈Fn
cni jδ j(m)‖α j‖22αi⊗α j
which implies ∑ j cnm j‖αm‖22αm ⊗α j = ∑i cnim‖αm‖22αi ⊗αm. Hence, from the or-
thogonality of characters it follows that cnm j = 0 if m 6= j, so Nn = ∑cniiαi⊗αi. We
have
pi(Nn) = pi(en⊗ en)∗ lim
k→∞
pi(Mk) = pi(en⊗ en) = en ∗ en,
and in particular
∑
i
cnii‖αi‖22αi = ∑
i
(a2i )
2‖αi‖22αi,
which yields cnii = (ani )2 for each i. Hence Mn = Nn and boundedness of {‖Mn‖1}
follows from ‖Mn‖1 = ‖Nn‖1 ≤ ‖en‖21 sup
k→∞
‖Mk‖1 < ∞.
(ii)→ (iii). Since the algebra L1(K′) can be canonically embedded in M(K′),
it follows from Banach-Alaoglu’s theorem that {Mn}n has a weak∗ limit point M ∈
M(K′). We have
µ̂(αm,αm′) = lim
n→∞Mn(αm⊗αm′) = limn→∞
∫
K′
∞
∑
i=0
(ani )
2 αi(x)αi(y)αm(x)αm′(y)dm(x)dm(y)
= lim
n→∞
∞
∑
i=0
(ani )
2
(∫
K
|αi(x)|2dm(x)
)(∫
K
|αi(y)|2dm(y)
)
δi(m)δi(m′) = δm(m′).
In that M̂(K′) ⊆ Cb(K̂′), we now define the map D : Cb(K̂ × K̂) → Cb(K̂) by
Dµ(α) = µ̂(α ,α). Obviously for any ν ∈ M(K′) we have ̂˜pi(ν)(α) = Dν̂(α)
and, in particular,
p˜i(µ)ˆ(α) = Dµ̂(α) = 1 = δ̂e(α) (e ∈ K)
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It follows from the inverse of the Fourier transform [4] that p˜i(µ) = δe. We see, in
addition, that if f ∈ L1(K) and α ∈ K̂, ( f ⊗δe)ˆ(α ,β )= f̂ (α) and (δe⊗ f )ˆ(α ,β )=
f̂ (β ). Therefore ( f ⊗δe)∗µ = µ ∗ (δe⊗ f ).
(iii)→ (i). Let {e′n}n be a bounded approximate identity in L1(K′) and assume
M to be a weak∗-limit point of {µ ∗ e′n}n in L1(K′). We shall show that M is a
virtual diagonal. For any f ∈ L1(K) we have
f ·M = lim
n
( f ⊗δe)∗µ ∗ e′n = lim
n
µ ∗ (δe⊗ f )∗ e′n = lim
n
µ ∗ e′n ∗ (δe⊗ f ) = M · f .
And, if E is a weak∗-limit point of {pi(e′n)}, from p˜i(µ) = δe and (1) it follows that
pi∗∗(M) = lim
n
pi(µ ∗ e′n) = lim
n
p˜i(µ)∗pi(e′n) = lim
n
pi(e′n) = E.
We obviously see that f ·E = E · f = f for any f ∈ L1(K). Therefore M is a virtual
diagonal.
We now prove Theorem 1.1 as follows:
Proof of Theorem 1.1. First assume that L1(K) is amenable and in contrary there
exists a sequence {αi}i∈N ⊂ K̂ such that piK({αi}) → ∞ as i → ∞. Obviously
piK({αi}) > 0 and the functionals Fαi : K̂ → C defined by Fαi(β ) = δαi(β ) be-
long to L1(K̂)∩L2(K̂). It is worth noting that by the inverse of Fourier transform
we have
ˇFαi(x) =
∫
K̂
Fαi(β )β (x)dpiK (β ) = αi(x)piK({αi}),
and from Plancherel’s theorem (see [4]) we deduce that pi({αi}) = 1‖αi‖22 > 0. By
previous theorem there exists a µ ∈ M(K′) such that
1 = lim
i→∞
µ̂(αi,αi) = limi→∞
∫
K′
αi(x)αi(y)dµ(x,y) =
∫
K′
lim
i→∞
αi(x)αi(y)dµ(x,y) = 0,
which is a contraction.
To prove the converse of the theorem, let supα∈K̂piK({α}) < c for some c >
0. Since {Mn} is an approximate diagonal for L1(K′) (Lemma 1.2), by previous
lemma it suffices to show that {Mn} is bounded. For any f ,g ∈C(K) we have∣∣∣ lim
n→∞Mn( f ⊗g)
∣∣∣= ∣∣∣∣∣ limn→∞
∫
K′
∞
∑
i=0
(ani )
2αi⊗αi(x,y) f (x)g(y)dm(x)dm(y)
∣∣∣∣∣ (2)
≤
∞
∑
i=0
piK({αi})2|〈 f ,αi〉||〈g,αi〉| ≤ c2
∞
∑
i=0
|〈 f ,αi〉|〈g,αi〉| (Lemma1.2)
≤ c2
∞
∑
i=0
|〈 f ,αi〉|2 ·
∞
∑
i=0
|〈g,αi〉|2 ≤ c2‖ f‖22‖g‖22 ≤ c2‖ f‖∞‖g‖∞.
The latter inequality follows from Plancherel and Cauchy-Schwartz’s theorems.
Therefore L1(K) is amenable.
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Following [3] we say L1(K) is weakly amenable if every continuous derivation
of L1(K) into L∞(K) is zero. In contrast to the amenability of L1(K) we show that
L1(K) is always weakly amenable when K is compact.
Proposition 1.4. Let K be a compact hypergroup. Then L1(K) is weakly amenable.
Proof. Let D : L1(K)→ L∞(K) be a continuous derivation. Due to α ∗α = ‖α‖22α ,
for every α ∈ K̂, we have D(α) = (2/‖α‖22)α ·D(α). Here ” · ” stands for an
arbitrary module action of L1(K) to L∞(K). Hence
α ·D(α) = (2/‖α‖22) [α · (α ·D(α))]
=
(
2/‖α‖22
)
[(α ∗α) ·D(α)]
= 2α ·D(α)
which implies that D(α) = 0. Since the linear span of K̂ is dense in L1(K), we
obtain D = 0, as desired.
As already mentioned since L1(K), a compact hypergroup algebra, is α-left
amenable in every α ∈ K̂, the maximal ideals of L1(K) possess bounded approx-
imate identities; see [1, 1.2]. In the sequel, similar to the compact group case in
[14], we show that closed ideals in L1(K) contain approximate identities.
Lemma 1.5. Let J be a closed ideal of L1(K) and Iα :=
⋂
β 6=α
I(β ). Then
(i) Iα ≃ Cα , for every α ∈ K̂,
(ii) Iα ⊆ J if and only if f̂ (α) 6= 0, for some f ∈ J, and
(iii) the map α 7→ Iα is bijective from K̂ onto the set of all minimal ideals of
L1(K).
Proof. (i) Let α ∈ K̂. Obviously Iα ∩ I(α) = {0} and α ∈ Iα ∩
(
L1(K)\ I(α)). Let
f be a non-zero element in Iα . Then λ = f̂ (α) 6= 0 and λ̂ ·α(β ) = (λ‖α‖22)δα(β )
which implies that f = λ‖α‖22 ·α . Hence Iα ≃ Cα , as desired.
(ii) Suppose f ∈ J with f̂ (α) 6= 0. Since f ∗α ∈ Iα ∩ J, f ∗α = f̂ (α)α 6= 0,
and Iα ≃ Cα , we have Iα ⊆ Iα ∩ J; thus Iα ⊆ J.
(iii) Since J 6= {0}, there exist f ∈ J and α ∈ K̂ such that f̂ (α) 6= 0. By (ii) we
have Iα ⊆ J, consequently J = Iα as J is a minimal ideal.
Corollary 1.6. The proper closed ideals of L1(K) are exact the family {IP : P⊂ K̂},
where IP denotes the closure of the linear span of P in L1(K). Different closed
subsets of K̂ generate in this way different closed ideals.
Theorem 1.7. Let K be a compact hypergroup. Then every closed ideal of L1(K)
has an approximate identity.
7
Proof. Let J be a closed ideal in L1(K) and {en} a bounded approximate identity
for L1(K), as in Lemma 1.2. By Corollary 1.6 there exists a subset P of K̂ such that
J = IP. Define
fP(α) :=
{
1 if α ∈ P,
0 if α 6∈ P.
Obviously fP ·L2(K̂) ⊂ L2(K̂) and ên · fP belongs to L2(K̂). Since the Plancherel
transform is an isometry of L2(K) onto L2(K̂) , there exists {hn} of functions in
L2(K) such that ĥn = ên · fP. Clearly hn ∈ J = IP and for each g ∈ IP we have
ĥn ∗g = ĥn · ĝ
= ên · fP · ĝ
= ên · ĝ,
which implies that hn ∗ g = en ∗ g. Since {en} is a bounded approximate identity
for L1(K), so {hn} is an approximate identity for J = IP.
2 Amenability of Discrete Hypergroup Algebras
In [1, Theorem 2.1] we showed that if a character α of a polynomial hypergroup
vanishes at infinity, then the hypergroup algebra can not be α-amenable. In the
following theorem we generalize this fact to discrete hypergroups.
Theorem 2.1. Let K be a discrete hypergroup and α ∈ K̂. If α ∈ C0(K), then
L1(K) is not amenable. In particular if piK({α}) = 0, then L1(K) is not α-left
amenable.
Proof. Let us first assume α ∈ C0(K) with piK({α}) = 0 and in contrary L1(K)
is α-left amenable. Then by [1, Theorem 1.2] I(α) has a bounded approximate
identity, say {ei}i∈J with ‖ei‖1 ≤ M for some M > 0. Let mα be the w∗-limit
of {ei} in L1(K)∗∗. By [13, Lemma 2], {êi} converges uniformly to the identity
character in K̂ and mα(α) = 0. Since piK is a regular measure on K̂, there exists an
open neighbourhood Uα of α with piK(Uα)< ε
2
8M2 , for given ε > 0. There exists a
i0 ∈ J such that |êi(β )−1|< ε√2 for all β ∈Uα c and i≥ i0. Since
|êi(β )−1|2 ≤ |êi(β )|2 +2|êi(β )|+1≤ ‖ei‖21 +2‖ei‖1 +1≤ M2 +2M+1≤ 4M2
for all β ∈ K̂, we have
‖êi−1‖2 =
∫
K̂
|êi(β )−1|dpiK(β )
=
∫
Uα
|êi(β )−1|dpiK(β )+
∫
Ucα
|êi(β )−1|dpiK(β )≤ ε2.
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Due to the Plancherel theorem we have ‖ei−δe‖→ 0 when i→∞. Hence for every
f ∈Cc(K)∣∣∣∣∫K f (x)ei(x)dm(x)−
∫
K
f (x)δe(x)dm(x)
∣∣∣∣ = ∣∣∣∣∫K(ei−δe)(x) f (x)dm(x)
∣∣∣∣
≤ ‖ei−δe‖2‖ f‖2 → 0 ( as i→ ∞).
The latter inequality shows that mα( f ) = f (e) for all f ∈ C0(K). In particu-
lar mα(α) = α(e) = 1 which is a contradiction. Therefore L1(K) is not α-left
amenable.
Now we assume piK({α}) > 0. In this case L1(K) can be α-left amenable [1],
however we show that L1(K) is not amenable. Let K′ := K×K as above and Y :=
(C0(K′),‖·‖∞). For f ∈ L1(K) and g∈Y define f ·g := pi1 f ∗g and g · f := pi2 f ∗g.
It is easy to see that Y is a Banach L1(K)-bimodule with respect to the above
module multiplications. Since α ∈C0(K), α ⊗ 1 ∈C0(K′) and the maximal ideal
generated by this character in M(K′) can be regarded as a dual L1(K)-bimodule.
To see this, let X := {ϕ ∈ C0(K′)∗ : ϕ(α ⊗ 1) = 0}, and let ϕ → µϕ denote the
Riesz’s duality (C0(K′)∗ ∼= M(K′)). We note that since K′ is discrete, the algebra
L1(K′) can be identified with M(K′) via the map f → f m. So, the space X is an
L1(K)-submodule of C0(K′)∗, since for any ϕ ∈ X and f ∈ L1(K) we have
f ·ϕ(α⊗1) = pi2 f ∗µϕ (α⊗1) = f̂ (1)µ̂ϕ (α ⊗1) = 0,
and likewise
ϕ · f (α ⊗1) = pi1 f ∗µϕ (α ⊗1) = f̂ (α)µ̂ϕ (α⊗1) = 0.
Since X is a (weak-∗) closed subset of C0(K′)∗, by [3, Proposition 1.3] X is a
dual module with respect to the module multiplications. We can now define the
continuous linear operator D : L1(K)→ X by D( f ) := pi1 f −pi2 f , where for every
f ,g ∈ L1(K)
D( f ∗g) = pi1( f ∗g)−pi2( f ∗g)
= pi1 f ∗pi1g−pi2 f ∗pi2g
= (pi1 f −pi2 f )∗pi1g+pi2 f ∗ (pi1g−pi2g)
= D( f )∗pi1g+pi2 f ∗D(g)
= D( f ) ·g+ f ·D(g).
Therefore D is a derivation. By assumption there exists a ϕ ∈ X such that D( f ) =
f ·ϕ −ϕ · f for all f ∈ L1(K). Since K̂ separates the points of K [4], there exists
f ∈ L1(K) such f̂ (α) 6= f̂ (1), however
f̂ (α)− f̂ (1) = pi1 f (α ⊗1)−pi2 f (α ⊗1)
= D f (α ⊗1) = f ·ϕ(α⊗1)−ϕ · f (α ⊗1)
=
(
f̂ (1)− f̂ (α)
)
µ̂ϕ (α ⊗1) = 0
which is a contradiction. Therefore L1(K) is not amenable.
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3 Examples
(i) Hypergroups associated to the center of group algebras
Let G be a non-abelian compact connected Lie group and K the hypergroup
of conjugacy classes of G. The center of L1(G) is isometrically isomorphic
to L1(K); see [10]. There exists a sequence consisting of irreducible unitary
representations of G such that their dimensions tend to infinity. Therefore,
by Theorem 1.1, L1(K) is not amenable (see also [2, Theorem.1.7]).
(ii) Compact P∗-hypergroups
These hypergroups are due to Dunkl and Ramirez [6]. Let 0 < a ≤ 12 and
Ha = N0∪{∞} denote the one point compactification of N0 = N∪{0}. Let
δ∞ be the identity element of Ha, n˜ = n for all n ∈ Ha, and define δn ∗ δm =
δmin(n,m) for m 6= n ∈N and
δn ∗δn(l) =

0, l < n;
1−2a
1−a , l = n;
ak, l = n+ k > n.
The Plancherel measure of Ĥa is given by
pi({k}) =
{
1, k = 0;
1−a
ak
, k ≥ 1.
Since pi(k)→ ∞ as k → ∞, by Theorem 1.1 L1(Ha) is not amenable. Also
note that from [6] we have N̂0 \ {1} ⊂ L1 ∩ L2(N0), so by Theorem 2.1
L1(N0) is not amenable but α-left amenable in every α ∈ N̂0 (see [1, 11]).
(iii) Dual of Jacobi polynomial hypergroups
Let K be Jacobi polynomial hypergroup {P(α ,β)n (x)}n∈N0 of order (α ,β ),
where α ≥ β >−1, α +β +1≥ 0; see [4]. The Haar weights are given by
h(0) = 1, h(n) = (2n+α +β +1)(α +β +1)n(α +1)n
(α +β +1)n!(β +1)n , for n ≥ 1, (3)
where (a)n is the Pochhammer-Symbol. The character space of N0 can be
identified with [−1,1] and has the dual hypergroup structure with the Haar
measure
dpi(x) = c(α ,β)(1− x)α(1+ x)β χ[−1,1](x)dx (c(α ,β) > 0)
where χ denotes the characteristic function.
Proposition 3.1. Let K denote the compact hypergroup [−1,1]. Then the
algebra L1(K) is amenable if and only if α = β =− 12 .
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Proof. Let α = β =− 12 . Then the hypergroup [−1,1] is the dual of Cheby-
chev polynomial hypergroup with the Plancherel weights h(0) = 1, h(n) = 12 ,
n ≥ 1. So by Theorem 1.1 L1(K) is amenable; see also [2, Theorem.1.3]. In
the case of α ,β > − 12 , the Plancherel weights h(n) in (3) tend to infinity
when n→ ∞; consequently, by Theorem 1.1, L1(K) is not amenable.
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